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Sumary

Several problems connected with vortex cavity reactors have been studied
analytically. They include; the generation of high strength vortices by uti-
lization of bleed through a porous tube wall to stabilize the shear layer on
the wall; the ruclear criticality problem; the suitibility of various compounds
of plutonium as gaseous fissionable materials; the problem of retaining the
fission fragments within the vortex tube.

It is concluded that the shear layer on the vortex tube wall can be
stabilized if a mass flow greater than or equal to the vortex through flow
is bled through the porous wall, and that the tangential Mach numbers which
can be obtained are then slightly more than one half the imviscid values.

Beryllium oxide or graphite moderated reactors of reasonable size and
weight can attain criticality if the product of the hydrogen pressure in the
vortex core and the maximum value of the ratio of fissionable gas density to
hydrogen density in the tube is greater than about 100 atmospheres. The re=-
actor weights are then in the order of 50,000 pounds or less.

Of the several compcunds of plutonium considered as gaseous fuel carriers ’
Plutonium trifijuoride and plutonium tribromide appear to be the most promising.
It is probable that they can be held in gaseous form in hydrogen, under the
desired concentrations.

The rate of loss of fission fragments from the vortex tube can be reduced
to a small fraction of the rate of their generation by making the vortex tubes
about twice the minimum size which is allowable for satisfactory retention of
the fissionable material.
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INTRODUCTION

A method was proposed in Ref. 1 for holding gaseous fissionable
material in a vortex tube, against the radial flow of a fluid which
was to be heated to a high temperature. The process of diffusion of a
low molecular weight gas through the high molecular wveight fissioning
gas was considered in some detail. It was concluded that if laminar
vortices of the required strength could be generated with the radial
mass flow rates required by the diffusion process, then the vortex tube
held promise as a device for producing very high temperature gases, for
example for rocket propulsion.

In the first section of this report, a method for producing laminar
vortices of the required strength will be suggested. It consists of a
recirculatory system in which the mass flow through the tangential
vortex-driving nozzles is increased beyond the amount ailowed by the
radial diffusion process; the excess mass flow is bled off through a
porous vortex tube wall. The bled fluid must be returned to the nozzle
entrance conditions, and some methods for doing this will be proposed.

Bleeding of the fluid through the porous wall is equivalent to sucking

a boundary layer; the shear layer on the vortex tube wall is thinned and
its Reynolds' number reduced. Thus, there seems to be some possibility
that the shear layer may be stabilized and a laminar vortex produced. The
scheme has the additional advantage that the porous tube wall will be
effectively cooled by the bled fluid.

Although the diffusiou-heating process considered in Ref. 1 is evi-
dently the key problem to be solved in applying the vortex tube to rocket B
propulsion, the high temperatures envisioned, and the gasecus state of
the fissionable material, give rise to other problems which must be studied
before the application of the vortex tube to rocket propulsion can be
seriously considered. Some of these problems will be indicated, and the
progress made to date in studying them will be summarized.

Because of the gaseous form of the fissionable material, and the
limitations imposed by the vortex-separation proceu(l), it seems that
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the fuel concentration in a reactor composed of vortex tubes must be
rather low. The available fuel concentrations are about one tenth of

the usual values for small, highly poisoned reactors. The critical sizes
(and weights) of the vortex reactors thus tend to be large. A series of
criticality calculations has therefore been done, with the emphasis on
minimizing the reactor weight for a given fuel concentration. These
calculations have been carried out by P. G. Lafyatis, amd will be dis-
cussed in section II.

It was implicitly assumed in Ref. 1 that some coupound of plutonium,
or uranium, could be found, which could be Leld in gaseous form under the
desired conditions. Rather high concentrations of fissionable material
must be held at very high temperatures and under reducing conditions, if
hydrogen is to be used as propellant. There is some doubt as to whether
any material can be found which will satisfy these requirements, since the
compounds of uranium and plutonium which are stable at high temperatures
are neither very volatile nor very resistant to reduction by hydrogen.
This problem will be considered in section III.

The fissioning of uranium or plutonium in the vortex tubes will pro-
duce rather large quantities of very radioactive fission products. If
these fission products are discharged to the atmosphere contamination will
result. However, since *he fission products will in gemeral have rather
high molecular weights, there is some possibility that a considerable
fraction of those produced will be held in the vortex tubes along with
the fissionable material. A calculation of the rate of loss of the fission
fragments from the vortex tube has been carried out by th~n methods used in
Ref. 1, and will be discussed in section IV.
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SECTION I

Vortex Recirculation

»




Introduction:

In the analysis of vortex heating-separation tubes presented in Ref. 1,
it was assumed that the flow in the vortex tube was laminar and inviscid.
It was demonstrated that, for laminar flow, viscous effects would not pre-
vent the foruation of vortices of sufficient strength to give the desired
separation. It was also pointed out that even thoﬁgh the Reynolds' number
(based on tube diameter and tangential velocity) of the flow is very large,
there is a possibility of obtaining laminar flow because of the large den-
sity gradients produced by the action of the vortex field on the heavy
fissionable gas. However, if this stabilizing effect is not sufficient to
maintain laminar flow, there s~:ms to be little possibility of obtaining
vortices of adequate strength in the simple tube described in Ref. 1.

Accordingly, a method of improving the effectiveness of vortex forma-
tion has been considered. The essential idea is to reduce the Reynolds'
number of the wall shear layer, ty bleeding fluid through a porous wall,
to the extent that it will remain laminar. The viscous effects on the
vortex strength will then be predictable, and much smaller than they would
be if the shear layer were turbuient.

" All of the fluid which is bled from the vortex tube through its porous
wvall must be returned to the conditions at the entrance to the inlet
nozzles, and recycled, at least for rocket propulsion applications. It
seems possible to do this by means of a gas turbine cycle operating between
the reactor as a heat source and the fresh propellant as a heat sink.

It is logical to divide the following discussion into two parts. 1In
the first, the influence of the porous wall bleed on the velocity profile,
vertex strength, and radial diffusion, is considered. In the second, some
methcds of recycling the bled fluid are discussed.

Influence of wall bleed on the vortex:
It was shown in Ref. 1 that the tangential momentum equation for the
vortex flow may be written as follows, if the flow is laminar:

av v,) (v /v,) B(v /v, v /) (v /v))
v:?:L* °r.4---%‘-r'{ ;{24 +;lr V:ﬂa . :'241..} . I=(1)




The tangential velocity, Yo is referred to the exit velocity from the
inlet nozzles, v 3 and the radius has been made dimensionless by division
by the radius at which the jets enter the tube (see Fig. 1). 77is the
radial mass flow rate, and is positive for inward flow. It has been
assumed in writing Eq. (1) that u is constant. Inclusion of the varia-
tion of u would complicate the following analysis greatly, and would not
change the results significantly.

From Eq. (1), it 1s clear that the qusntity 27/, which will be
denoted by K, measures the importance of viscous effects in the vortex.
If the absolute value of K is large, viscous forces predominate; if it
is small, inertial forces predominate. The solution of Eq. (1) may be
written as

1-K
v - —
0 K
= Al(r')

; + (et 1-(2)

The flow consists of two regions. In the inner region (r' < 1), K
is posivive, while in the outer region (r' > 1), K is negative. Appropriate
boundary conditions are as follows:
l. The velocity must be continuous at r' = 1.
2. The torque exerted on the exterior region by the interior regionm,
at r' = 1, must be zero.
3. The velocity must be zero at the tube wall.
4. The torque exerted on the fluid in the tube, by the entering
Jets of fluid, must equal that due to viscous shear at the tube
wall.
The last two conditions are sufficient to specify the flow in the outer region,
since the last condition effectively determines v at r' = 1, The first two
conditions would then determine the flow in the inner regicn, but this in-
formation will not be needed in the following analysis. Applying the third
boundary condition we find,
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A2 2|2 - Alkrw) )
where r‘; is the value of r' corresponding to the tube radius. The fourth

condition gives

v (1)
o [t

-

Vo L 2 2
~ mrl)" ,
2| |, 2

where 77& and% are the radial and bled mass flows.

We then have,
i K p E
2 - = 2 - =
v, @) Swifl) S
= (r') == I-(3)
1l- (r‘;) K
where
V0(1) 1
el v T ; =45
e

J

b

Effectiveness of vortex formation:

The ¢ffectiveness of vortex formation is indicated directly by the
ratio vo(l)/vJ, from Eq. (4). This ratio is plocted in Fig. 2, for a
range of%/b/'f(l, for 2"“/”‘1 = 0.02. The values indicated in Fig. 2 for
%b/%. = 0 are somewhat smaller than were given in Ref. 1, Pig. 23.
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A Tactor of twc was omitted from the second term in the denominator of
Eq. (55) of Ref. 1. g

It is clear tkat bleeding through the wall . -duces the strength of a
laminar vortex, btut not to a very large extent. As - K—O for fixed 475,
Eq. (4) gives vo(l)/v‘j =1/2 as a limiting velue. Thus, if the vcrtex
can be kept larinar by bleeding through a porous wall, it seems that tangen-
tial velocitier zreater than one half the inviscid values will be obtained.

Stabilization »f the shear layer:

Calculaticns of the stability of laminar shear flows result in curves
giving the Reynolds' number for which the sheet. layer is neutrally statle
to excitation of a specified wave length. Fo each such curve there is
some Reynolds' number below which the shear layer is stable to excitation
of all wvave .e¢ngths. This value is usually termed the critical Reynolds'
number, F'ecr‘

The critical Reynolds number is defined in terms of the stream velocity
at infinity and the displacement thickness o7 the shear layer. Its value
depends rather strongly on the velocity profi.e in the shear layer, ranging
from atout 420 for a Biasius profile on a flat plate to 70,000 for an
asymptotic suction profile on a flat plate(a) .

For the shear layer on the vortex tube wall we may define a displacement
thickness, §¥*, by: :

T =
$*=r Jw r:L- Yo 2 dr' I-(5)
v L z w

-

Using Eq. (3), we fiud:

-
g_”:. K : 1-(6)
w 2__]_.

1-(rt) K
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Now the velocity ratio, vo/vo(l) may be given as a function of (rv - r)Af* c
(r; - r')rwég*. A typical vortex tube shear layer profile is compared to
the Blasius and asymptotic suction profiles in this fashion in Fig. 3. It
appears that the vortex tube profile is very close to the plate suction
profile, apart from a scale factor which results from the finite limit in
the above definition or<9*. Thus, if the density were constant through the
shear layer, its critical Reynolds' number would be slightly greater than
0.7x105. It will be shown in the next section that the influence of the
wall bleed on the heavy gas is such as to produce an appreciable positive
density gradient in the direction of increasing r'. Such a density gradient,
in combination with the radial force field produced by the vortex, will tend
to stabilize the shear layer, hence it is concluded that the critical
Reynolds' number will be somewhat greater than 105.

Ratios of §* to the tube radius, computed from Eq. (6), are shown in
Fig. 4. It is clear that bleeding reduces the displacement thickness
markedly, for fixed r;. In fact, for K sufficiently small, and rJ not too
near unity,(f*/rv is very nearly equal to - K r;.

The significance of the above values will be best illustrated by an
example. From Table I, p. 61, Ref. 1, the Reynolds' number for case 2 is
found to be: Re = 7.38:106Q5*/rv), for a tube radius of one inch. Thus,
ve find the following values:

-0.17 -0.33 -0.67 -1.35 -6.7

-0.0‘0 -0.02 -0.01 -0.005 -0.001

L

Re | 2.0x10°  1.4x10° 0.96x10° 0.38x10°  0.7T4x10

If the above estimate of 105 for Recr is valid, the shear layer should be
stabilized by a mass flow ratio (bleed to radial) of about unity.
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Fig. 3. Comparison of Vortex Tube Shear Layer
Velocity Profile with Blasius and Asymptotic Flat Plate
Suction Profiles.
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Effect of wall bleed on the separation process:

The analysis of Ref. 1 considered a free vortex with radial flow,
bounded on the outside by a solid tube wail. It is now proposed that a
region with radial outflow be interposed between the free vartex core
and the tube wall. The influence of this region of reversed mass fliow
or the separation effect will be estimated in this section, by the methods
of Ref. 1.

A model for the flow is shown in Fig. 5. It is assumed that fluid is
introduced with an effective tangential Mach number M tp? of total amount
7y(l +w ) -%(1 + w.b) per unit of tube length, uniformly over the
cylindrical surface of radius r' = 1. Of this tota.lamm,’”[l(l “ wc)
then flows inward, while - ’%(1 + wb) flows outward. The mass flows of
ligkt gas ta.reﬁfL and %, while w_ and w, are the ratios of heavy gas
density to light gas density at the vortex exit and in the gas bled through
the wall.

It is readily seen from Eq. (22a) of Ref. 1 that the ratio of heavy
gaa density to light gas density, w, is governmed by the following equation:

W. l+v
T 2 g  E gx .
“ v ‘9P1+v {( 'l) v; vdr'} » 1-(7)

where the primes indicate values divided by their respective values at
Pty the jet entry radius. The quantity tﬁp is given by Eq. (24) of

: Ref. 1 as,
l+vw
aep.l(&?_ (_d;_l.)(1+ ) (lﬂ')i 1-(8)
12

wvhere k is Boltzmann's constant, d12 is the equivalent hard sphere diameter
for collisions between light and heavy gas molecules, and my and m, are the

masses of the light and heavy molecules. Mtp is the actual tangential Mach
number of the vortex at the jet entry radius.
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Fig.5. Model Used for Calculation of Effect of Wall Bleed
on Vortex Diffusion.
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We wish to investigate the behavior of w in a range of r' from unity
to a value, r"' ; 8lightly greater than unity. Because of the narrow range
of r' to be considered, and the fact that T' varies quite slowly with r'
in regions of the tube where w is small, T' will be taken equal to unity.
It is felt that it will be necessary to insist that w be small near the
tube wall if the bleed system is to be used, since otherwise large con-
centrations of fissionable material would enter the recirculation system.
The dimensionless velocity v;, is given by Eq. (3), so that for T' =1,
we have,

2.3 2.1.2
PRI ha D . PP SR Nl L
v l+wp oy tpr-a 2_% w dr
l-(r‘:)
1-(9)

The quantity ,QP shows the influence of the radial mass flow on the system.
It can be written in terms of the characieristic parameters of the vortex
core and the mass flow ratio, %/”é, as follows (see Eqs. (25) and (34),
Ref. 1)

BP 1+ Up ’ 2 i l) I-(lO)
tm o,
Equation (9) may now be written in the following form:
.
B R g
e 1 L
v
Fewl
B 2-3.2 [w
K K
m, (r') - (r3) h)
.mf'p (q i 1)[ 2 -V-L" r'3 -
l- (r"') K




This equation is linear, and hence integrable; however, the general solution
is quite involved because the coefficieat of w/vb is complicated. On the
other hand, it is expected that w/wb will be close to unity in the cases of
interest. In this case w/wb mey be taken as unity in the last term, to a
first approximation. The integration is then easy and yields,

ey

;2:") ,
s

According to the estimates given in the previous sections, K must be of
order - 0.01 if the shear layer is to bte stabilized, and this gives

%Ml = - 0.67, for the example quoted previously. Thus, for the cases
considered in Ref. 1, @ is about - 100. Since - @ and - 1/K are then

large positive numbers, all terms of Eq. (12) except the last i:p negligible
for r' appreciably less than r;. We therefore find,
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For the cases of interect (e.g. case 2, Table I, p. 61, Ref. 1), the
factor (Mtp/th)2T;l/2 is about unity. Thus at r' =1, v/wb is nearly
equal to 1 + 7’4/’@ it - %o/zvl 18 2, v.o/wp is then about 1.5. Replacing
w/wb by unity in the last term of Eq. (17) results in an overestimate of
wb/wp, since the last term is positive and would in fact be everywhere
smaller than it has been assumed to be.

The analysis therefore indicates that the ratio of the wall denmsity
ratio to that at the free vortex periphery will be less than 2, if -‘ﬁg/Va
is 2 or more. A mass flow ratio of 2 should, according to the previous
section, be sufficient to stabilize the shear layer, so that it seems
sufficient to produce the desired vortex strength. Therefore in the fol-
lowing analysis of recirculation systems, a mass flow ratio of 2 will be
regarded as a minimum which the recirculation system must allow to be
satisfactory.

Recirculation systemss

The purpose of the recirculation system is to return the fluid bled
through the porous tube wall to a condition such that it can be reintro-
duced to the vortices through the entrance nozzles. In passing through
the wall shear layer and porous tube, the fluid will in general suffer a
total pressure loss and a stagnation temperaturg increase,.the latter
because it contains fissionable material. Thus, the recirculation system
must increase the total pressure of the fluid, and decrease its stagnation
temperature.

The two devices which are to be proposed for this purpose are essentially
Leat engines, their energy source being in both cases the heat picked up by
the bled fluid during its residence within the vortex tube, and their net
work supplying the desired total pressure rise. Any heat engine must
reject a considerable fraction of its input energy, as heat, at some tempera-
ture below that of its heat source. It will be assumed, for the present

rocket application, that no external heat sink is available, so that all of




SECRET -22-

this heat must be rejected to the propellant. Since the propellant can
only be raised to some temperature below that of the fluid entering the
vortex tubes, its heat capacity is limited, and the total pressure rise
which can be obtained is therefore also limited.

Gas turbine cycle:

The first device which will be considered is a rather conventional
gas turbine cycle, shown schematically in Fig. 6. The fluid bled from the
vortex tube expands through a turbine, which drives a compressor and a
pump, then passes through a heat exchanger, where it rejects heat to the
propellant. It is then compressed and re-enters the vortex tube. The
propellant is raised from tank pressure to vortex entrance pressure by the
pump, picks up heat from both the recirculated fluid and any solid parts
of the reactor which must be cooled, then enters the vortex tube. The net
flow into the system, which is handled by the pump, is equal to the net
radial inflow through the vortex.

The following notatior will be used:

T, 3 turbine inlet temperature

t
T & total temperature ratio
TT & total pressure ratio
7| = efficiency or effectiveness
AH = enthalpy rise of propellant, per unit mass
- (1+ wb)%g/(l + chzi ® ratio of recirculated to through mass flows
cp 8 gpecific heat at constant pressure of recirculating fluid
7y & ratio of specific heats of recirculating fluid.

The values of T, T, 7@ and AH for the various components of the cycle will
be distinguished by subscripts as follows:
t , turbine 8 , reactor solids

¢ , compressor h , heat exchanger .
v , vortex tube
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Since the fluid recirculates, it is necessary that

TLhL =1, I-(14)
and
LALSUAL S R I-(15)

A work balance for the turbine, ccmpressor, and pump gives,

(2 + wc)‘”ll AH
T =1-Th(T, -1)+ mﬁ; _P_cth . 1-(16)

The energy balance for the heat exchanger gives,

(L +w A
't‘h=1+,+w°m‘-1—c%“- . £-(17)
G+l T \oh
According to the usual definitions of the efficiencies of the turbine
and compressor, we have finally,
rel+g M ISE 2 1-(18)
c
and
-1
Ttnl-qt(l-'r(tLr) : I-(19)

Straightforward manipulation of these equations yields the following
expression for the mass flow ratio:

-l+wb

ST s M

RN 151-]'—3'- -1 am

% Aﬂh I-( 20)




SECRET -25=

The factor Anh/cthTt shows the limitation impcsed on the mass flow ratio
by the heat capacity of the propellant. If the enthalpy rise of the
propellant in the heat exchanger can be increased, the mass fliow ratio
can be increased, since a smaller amount of propeilant can provide tke
required heat capacity. The right side of Eq. (20) is plotted in Fig. 7,
for AHp = 0, as a function of ’7Tv7rh and ’/Tc.

It seems likely that ‘ﬂ'v‘yrh will be less than 0.5, this being the value
which corresponds to the ratio of static to total pressures at a Mach number
of unity. Thus, the lowest obtainable value of the quantity plotted in
Fig. 7 is about 0.65.

The largest possible value of AE.h/cth’t‘t is obtained vhen AE, is the
enthalpy rise of the propellant from tank conditions to the temperatur=
Ttt’t. This value can be attained only if AHp is negligible and the
effectiveness of the heat exchanger is unity; however, it serves to establish
an upper limit to the mass fiow ratio. These maximum possible values of
AHh/cth'Z‘t are shown in Fig. 8 for hydrogen. The initial state has been
taken as the liquid at its normal boiling point. Since the values of
Anh/cp'l‘t‘t‘t are very close to unity, a reasonable lower limit for - (1 + vc)%/
(1 + wbyi(b is 0.65 or 0.70, and the greatest obtainable mass flow ratio is
2.k to 1.5. The gas turbine system is therefore at best marginal, according
to the criteria established by the diffusion and boundary layer stabilization
processes, which require mass flow ratios of two and unity, respectively.

In order that the cycle operate at a point on Fig. 7, a certain amount
of heat must be supplied to it. This heat input may be expressed in teims
of the temperature ratio across the vortex tube, T,-. Frcm Egs. (14) to (19),

4

T = T ) | “e I=(21)
iR e ben Bl T ) el
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As is shown in Fig. 9, the temperature ratio required for the mass flow
ratios from 1.4 to 1.5 is about 2.0. This figure does not impose an
important limitation on the system unless it is so low that it becomes
impossible to circulate the mixture of propellant and fissionable material
through the vortex tube without its temperature ratio exceeding the indi-
cated value.

Propellant turbine cycle:

The second cycle which will be considered is one in which only the
through flow of propellant passes through the turbine. Such a scheme is
shown in Fig. 10. The propellant is pressurized by a pump, picks up heat
from the circulating fluid, then expands through the turbine and passes
into the vortex tubes. The recirculating fluid passes through the heat
exchanger and compressor only.

Using the same notation as for the gas turbine cycle, vwe must have,

TLG =1 I1-(22)

K% =1 . 1-(23)

The energy balance for the pump, turbine, and compressor is

"’ﬁ(l + vc)
- m (Aat - A%) - cpThR(tC - 1) ’ I'(ah)

vhere ‘1'h is the temperature of the circulating fluid entering the heat

exchanger. The energy balance for the heat exchanger gives,

’E(l +'vc)
- m Anh = cpTh(l - Th) I-(25)




-29-

UNCLASSIFIED
ORNL-LR-DWG 30570

b ] 3.8 ‘ I
= 17’,=0.85 ‘
3.4 5
3.0 |
m, T
2.6 T
| 0.4
7y l '
2.2 |
|
1.8 N
. 0.8
1.4 r————— 0.9 —]
1.0
1.0
| < 5 6

Te

Fig.9. Vortex Tube Temperature Ratios Re-
quired by Gas-Turbine Recirculation Systems.




-30-

‘ UNCLASSIFIED
ORNL-LR-DWG 31877

7, (14 W)

.——-——»

| =
: POROUS TUBE i v
.. : *
o
1 R
o Y '\;a
=
;n
v.n
£
|
Lot~ 0000 8 o=
HEAT EX.
1 ¥
\Y PUMP \
TURBINE COMPRESSOR
FROM PROPELLANT TANK
p-

Fig.10. Schematic of Propellant-Turbine Driven
Recirculation System.




SECRET =31~

From these equations, it is readily shown that,

7y -1
10 LA
741+ v.)  [am, T, :
AT (58] e e
" T
€ AHh AHh W;ﬂh

It is clear that AHh/cpTh plays the same role for this cycle that
AHhcthtz dces for the gas turbine cycle, i.e., it shows the limitation
of the maass flow ratio by the propellant heat capacity.

The right side of Eq. (26) is shown in Fig. 11 as a function of
AHt/AHh and w;w£., Rather large mass flow ratios are obtainable for
AHt/AHh equal to 0.5 or more. However, such lgrge values of AHt/AHh
imply small values ef‘”%, since

T AT ST Ry
iy = L= (ﬁ (?;‘f; (T_t) ; I-(27)

where cé and 7' are values for the pure propellant. If, for example,
zm.h/c'pz'h and 'rh/'rt are both unity, and zm,;/‘mh is 0.5, 7, 1is about 0.09.
Such low values of’ﬂ; cannot be tolerated, since the vortex feed pressure
13 already very high(1).

For 7 7, = 0.5, and the mirimum satisfactory value of -’13(1 + wb)/
771(1 + w:), i.e., 2.0, ve find AHt/AH.h = 0.25 and 7, = 0.37. Thus, even
to obtain a mass flow ratio cf 2.0, the pumping pressure must be increased
by a factor of atout 2.7.

The temperature ratio required for operation under the conditions implied
by Fig. 12 18 given by,

1
Ty ™ ’ 1-(28)
7'_1
o g 4 2 .+”’1(1*"c) AR,
T ||%M TR w) o,
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and is shown in Fig. 12. As for the gas turbine cycle, the value o:‘.”t‘v
does not constitute a limitation on the cycle unless it is so small that
the fluid cannot be circulated through the vortex tubes without its
temperature ratio exceed.ing ’t‘v.

Conclusions:

On the basis of the preceding analyses, the following conclusions
seem warranted.

1. Laminar vortices having tangential velocities greater than one-
half the inviscid value can be generated by providing uniform wall suction,
with ratios of bled mass flow to radial mass flow of umity or higher.

2. The tendency of the radial outflow through the tube wall to
sweep the heavy gas from the vortex is reduced as the above mentioned
mass flow rate increases. For a mass flow ratio of 2, the heavy to light
gas density ratio at the tube wall is less than twice that at the vortex
periphery.

3. A gas turbine cycle operating with the recirculating fluid as a
working medium is capable of recirculating the fluid at mass flow ratios
up to 1.5 if the total pressure ratio across the vortex tube is 0.5.

L. A propellant turbine cycle is capable of proﬁucing a mass flow
ratio «~.f 2.0 at the total pressure ratio of 0.5, if the pumping pressure
can be increased to 2.7 times the vortex feed pressure.

5. From the above four conclusions, it is probable that a recircula-
tion system can be devised, which will enable laminar vortices, of suf-
ficient strength for separation, to be produced.
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Criticality
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Introduction:

The criticality problem for vortex reactors is unusual in that the
reactor we’ght is of extreme importance. In additi~n to its influence
on the performance of a rocket vehicle through the thrust to weight ratio
of the rocket reactor, the criticality requirement in a sense determines

the size of vehicle to which a given rocket reactor is applicable. Thus,
vortex reactors are not scaleable in the usual sense. A characteristic
length has been introduced by the neutron trensport processes.

Because of the rather low fissionable material concentrations allowed
hy the vortex-separation process, the sizes and weights of vortex reactors
tend to be large, in the sense that the vortex reactor is suitable for
very large rocket vehicles. The fuel concentration can be increased, and
the reactor weight reduced, by increasing the pressure in the vortex tubes,
but the containment problem is then aggravated. It appears that, for a
given vortex tube design, it will generally be desirahble to select the
reactor configuration so as to minimize the reactor weight. Thus, the
approach taken in the preseﬁt calculations is to minimize the reactor weight,
by varying the reactor configuration, for fixed vortex tube designs. The
vortex tube designs which have been selected as examples are those given in
Table I, p. 61, of Ref. 1.

Since the calculations are exploratory, hence parametric in nature, a
simple two-group, two-region nuclear model is used. The reactor core is
assumed to be a cylindrical matrix of vortex tubes in pure moderator, of
diameter equal to the length of the tubes. A beryllium reflector of uniform
thickness surrounds the core on all sides. Thus, for a given vortex tube
design, the characteristics of the reactor are determined by the reflector
thickness and the ratio of tube volume to total core volume, which will be
called the moderator void fraction.

Derivation of Nuclear Constants from Separation Calculation:
Representative nuclear constants for the two-group, two-region criticality
calculations were derived from the examples of Ref. 1, Table I, as follows.
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Thermal average fissior and absorption cross sectiouns were computed for
reactor cores consisting of either graphite, hydrogen, and plutonium or
berylliium, hydrogen, and plutonium. The concentrations of hydrogen and
plutonium in the vortex tubes were determined for each vortex tube design,
from the data given in Ref. 1, Table I. Then for an assumed moderator veid
fraction, the cross sections were compuved for a homogenized, uniform core.
It was assumed, in computing the thermal average cross sections, tkat the
thermal neutrons wers distributed in energy according to a Maxwell-Bolitzmann
distribution at the temperature of the moderator » which in turn was taken
as the vortex tube entrance temperature.

Examp.es were given in Ref. 1 of vortex configurations capabie of
producing two different tempera‘ure ratios. 1The first three examples were
for vortex entrance and exit temperatures of 4500 and 7020°R, while the last
three vere for entrance and exit temperatures of 2420 and 10,000°R. The
three cases for each temperature ratio were for values cf v, equal to 0.5,
1.C and 4.0, where W, 18 the maximum value of the ratio of fissiomable gas
density to hydrogen density occurring in the tube.

It was found that for all these cases, the macroscopic fission cross
secticn of the homogenized reactor ccre depended on the product cf L and
o in the simple way shown in Pig. 13. For a
given moderator veid fraction the dependence of Zf on w_ is small for Yo

the vortex exit pressure, p

between zero and unity, but becomes appreciable for Vo equal to four. The
variation of the infinite medium multipiication constant, k,, , with }:f is
shown in Fig. 14 for ths same cases. By combining Figs. 13 and 1k, k_ could
be given as a function of pocvm a’lso.

For the two group - two region calculations, representative cases were
selected for the two moderators as indicated by the points in Fig. 1k,

A moderator void fraction of 0.6 was assumed in Pigs. 13 and 14. To
determine tke influence of the vcid fraction, reactors with a fixed vortex
design, (case 5 of Ref. 1, Tabie I, with Poc = 200 atm) and various void
fractions, were also computed.

The neutron diffusion coefficient for the thermal group was taken as
the moderator diffusion ccefficient, corrected for the moderatcr void fraction.
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In choosing the nuclear constants for the fast neutron group, several
simplifying assumptions were made. The reaonance escape probability was
taken as unity, and fast fission was neglected. The cross section for
removal of neutrons from the fast group to the thermal grcup was taken
as the diffusion coefficient divided by the Fermi age to Indium resonance.
The age to Indium resonance was selected because of the high thermal neutron
temperatures envisioned. Tne fast diffusion coefficient and the age were
assumed to be those for pure moderator, corrected for the void fraction.

Reactor code:

The code used for computing the fully reflected, cyli-irical reactors,
consists of a three group, three region. one dimensional code, modified to
two-groups and two-regions for this cas2, and a three-dimensional reflector
savings program. The three group, three region code has been described in
Ref. 3. Since a description of the reflector savings program is not avail-
able in the literature, it will be briefly described here.

Multiplication constants are computed: for two series of resccors, one
ser .es consisting of 3ide reflected cylinders with bare ends; the other of
end reflected cylinders with bare sides. In each case the cross section in
the reflected dimension is the same as that of the fully reflected reactor
for which the multiplication is to be found. By an iterative procedure,
the code determines the height and diameter, respectively, of the side and
end reflected cylinders of the two series which have the same multiplication
constant as a bare reactor with this same height and diameter. The multipli-
cation constant which is commor tn the bare cylinder, end reflected cylinder
and side reflected cylinder is then taken as the multiplication constant for
the fully reflected cylinder.

The iterative procedure is as follows. A height is assumed for the side
reflected cylinder, and its multiplication constant computed. The diameter
of a bare reactor with the same height and multiplication is then found. The
multiplication is then computed for an end reflected reactor with this diameter.
Finally, the height of a bare reactor with the same diameter and multiplication
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is found. This height is ther taken as an improved estimate for the height
of the side reflected cylinder, and the procedure is repeated until the
multiplication constants for the end and side reflected reactors agree.

Results:
The variation of reactor core plus reflector weight with reflector
thickness is shown in Fig. 15 for each of the core compositions indicated
by points on Fig. 14, and for a moderator void fractiom of 0.6. For given
core composition, the minimum weight occurs for reflector thicknesses of
about 20 cm for the graphite cores and about 10 cm for the beryllium cores.
For each value of £f, the minimum weight beryllium core reactor is considerably
lighter than the minimum weight graphite reactor. This difference is due to
the better neutron moderating properties of beryllium as compared to graphite.
Critical core radii are shown in Fig. 16 for the same cases shown in
Fig. 15. From a comparison of the two figures it is clear that the minimum’
reactor weight is attained for a reflector thickness comsiderably below
the value which is effectively infinite. This is due im part to the fact
that the core density is only about 0.4 of the reflector demsity for the
beryllium cores, and even less for the graphite cores.
That the higher values of zr, and the lower reactor weights, shown in
Fig. 15, correspond to very high vortax-tube pressures can be seen from Fig. 13.
The lowest reactor weight shown, 4800 1bs, requires that PocVy De equal to
about 500 atm. It was pointed out in Ref. 1 that, for € - 4, this pressure
level in the tubes would require a pumping pressure of about 1000 atm.
Critical masses are given in Fig. 17 for the minimum weight reactors
from Fig. 15. The masses are quite low, as a result of two effects. First,
the reactor core has been assumed to be free of structural péilonn. 8econd,
the fission cross section of plutonium actually increases with neutron tempera-
ture, up to about 1600°K, vhile the absorption cross sections of graphite,
beryliium, and hydrogen decrease.

The effects of void fraction on reactor core plus reflector weight and
core radius are shown in Pigs. 18 and 19, for a core composition which gives
Zp = 1.15x107> and k,, = 1.7h and 1.62 respectively for graphite and beryllium

- = ot i S —————t—— e —
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moderators and a void fraction of 0.6. Neither the weight nor the core
radius are very sensitive to the void fraction for the cases shown.
They would be somewhat more sensitive for thinner reflectors, however.

Conclusions:
Tﬁe principal conclusion to be drawn from these simplified criticality
calculations is that vortex reactors of reasonable size and weight can be
obtained if the pressure and maximum fuel to hydrogen density ratio in the
tubes are such that Poc¥s is greater than about 100, and if the core is
free of structural poisons. Under these conditions, reflector thicknesses
of about 20 and 10 cm give the lowest reactor weights for graphite and
beryllium cores. The optimum moderator void fraction is between 0.5 and
0.6 for both moderators.
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Introduction:

It was impiicitly assumed in Ref. 1 thet some ccmpound of plutonium,
or uranium, couid be found, which it would be possibls to hold in gassous
form under the dea_ired conditions. Rather high concentrations of fission-

able material must be held at very high temperatures and under reducing
conditions, if hydrogen i3 to be used as propellant. There i3 some doubt
as to whether any material can te found which will satisfy these require-
ments, since the compounds of uranium and plutonium which are stabie at
high temperatures are neither very volatile nor very resistant %o reduction
by hydrogen.

If there is any appreciable tendency toward reducticn cf the fissicnable
material by hydrogen, this tendency will be increased by the separative
effect of the vortex field, which will tend to separate the products of the
reduction from the reactants. A quantitative description of this effect
involves a very complicated multi-component diffusion problem, with chemical
reactions between the components, and will not be attempted at the present
time. Rather, the requirement of chemical equilibrium will be indicated by
giving the concentrations of reduction products which must te maintained, in
order that the reduction be restricted to the desired extent.

Possible fuel carriers:

0f the many compounds of plutcnium and uranium, only a few appear to
be promising for the present application. These are the oxides, halides,
the metals themselves, and posaibly the hydrides. The hydrides are eliminated
immediately on the basis of instability at high ¢ mperatures. The deccmposi-
tion pressure of l’uﬂ‘a at 5?00001( is about 5000 atm(u . The halides and oxides
of plutonium and uranium =zre quite similar in behavior, but plutonium has
nuclear characteristics somewhat superior to those of uranium. Furthermore,
the volatility of metallic plutonium is much higher than that of metallic
urarium, so it seems sufficient to consider metallic plutonium, the plutonium
balides, and plutonium cxides as the most promising fuel carriers. Since the
higher haiides are quite readily reduced to the tri-halides by hydrogen at only
slightly elevated temperatures (225-600°C for PuF,‘)(S), only the tri-halides
will be considered.
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Volatility:

The concentrations at saturation are shown as functions of temperature
in Fig. 20, for the interesting fuel carriers. The curve for Pu C13 would
lie between those for PuF3 and PuBr3, but has been omitted because of the
high neutron absorption cross section of chlorine.

These curves have been computed from the Clausius-Clapeyron equaticn,

L
log p = = RT +C ;

where L is the latent heat of vaporization. The empirical values of L
and ¢ for PuF and PuBr? were obtained over temperature ranges of 1440 to
1770 and 929 to 1100 %8

the temperature dependence of Lo' The data for Pu02 are for the vapor in
equilibrium with solid(7), at temperatures up to 1800°C, hence, the vapor
pressure at the higher temperatures is probably overestimated for Pu02.
The range of applicability of the data for Pu was not given in Ref. 8.

Criticality calculations(l) have indicated that fissionable material

concentrations of at least O. leole m-3 are necessary in the low tempera-
ture regions of the vortex tube. Thus, if a metallic tube structure is to
be used, PuBr3 is probably the only fuel carrier with sufficient volatilicy.
If the lovest temperature in the tube is of the order of 2100%K cr above,
PuF; is sufficiently volatile; however, 3000°K 1s necessary to allow the

desired concentration if metallic Pu is the fissionable gas.

, respectively, and have not been corrected for

Chemical equilibrium:
If the reaction of the fuel carrier with nydrogen,

2M3(g) + BBetaaru(g) + 6EX , III-(1)

proceeds so far toward the right that the corcentration of Pu(g) exceeds
that corresponding to the plutonium vapor pressure at the existing tempera-
ture, the plutonium will condense. Thus, an upper limit is placed on the
permissible concentration of Pu by its vapor pressure. The permissible con-
centration of Pux3 is related to the concentrations of Pu, HX, and 32 by
the equilibrium constant,
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_ _(Pw(m)®

2 3 III-(2)
P(Pux;)(E)

where (X) is the partial pressure of X, in atmospheres. Equation (2) may

be re-written as,

Do X 2/3
(m)2 _ l§/3 3
() Py

If n, is the total fissionable mauterial concentration, and nm’v is the
concentration of plutonium at saturation, then we must hawvo

%ﬁ > /3 (np:fv i ‘)2/3 ; )

in order that the plutonium shall not condense. Since n?u,v is only
dependent on the temperature, the equilibrium problem can be described
in terms of the value of (nx)a/(n,‘,) which is necessary in order to
maintain a given total fuel concentration, Ny s at a given temperature.

The equilibrium constant is related to the free energy change of
the reaction, Eq. (1), by,

log K, = - aF°/RT III-(4)

Values of AF® have been given at 298.16°K for the reaction,

2Pu(s) + 3X,(g)—=2PuX,(s)

They are: - 712 K cal for PuF; and - 367 K cal for PuBr3.(9)
We have also the following data at 298.16°K,

PuF (8) — PuF4(8) ; AF° = 91.94 K ca1(9)
PuBr,(s) —PuBr,(g) aF° = 59.89 K c:l(9)
Pu(s) —Pu(g) aF° = h k car(™

e e o

aF° = - 64.7 K ca1l20)

L5 (g) + Fp(e)—~F iz e it

%52(8) + -;-'Bra(s)—’mr

e

*Estimated from vapor pressure data
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Thus, the free energy changes for Eq. (1) are,
PuF

3 ¢

AF§98 =+ 712 - 2(91.94) + 2(7h) + 6(- 64.T) = 288 K cal I1I-(5)
PuBr3:

OFgog = 367 - 2(59.89) + 2(7h) + 6(- 13.10) = 317 K cal III-(6)

At 298%, PuBr3 is evidently somewhat more stable in hydrogen than PuF'3 >
because the free energy of formation of HBr is so much less than that of
HF.

In order to compute the free energy change, arF° , at elevated tampera-
tures, it is necessary to estimate the free energy changes of the products
and reactants of Eq. (1). The free energies are availabie for 52 and HF
or HBr. They must be computed for PuF3(g), Pu.Br3(g) and Pu(g).

Calculation of free energies:
Since Pu(g) is monatomic, its free energy can be computed quite
readily uniess its electronic degrees of freedom are excited. It will
be assumed for present purposes that they are not. For the Pul?3 and
PuBr3 a knowledge of the vibrational frequencies of the molecule is
needed for computing the free energy. Such information is not available
for the P\J.Br3 , and only rough estimates (from data on Mé) are available
for PuF3. Accordingly the following equilibrium estimates will be restricted
to the PuF3 system.

The free energy of a perfect gas with internal degrees c¢f freedom is

‘given by(‘u),
3 -
h ’
F = RT {log = )3 5 ‘%’J - log dint} = II1-(7)

where Qi ot is the internal partition function, and the other notation is
conventional.
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In the case of gaseous Pu, without electronic excitation, the free -
energy is given by the first term of Eq. (7). After substitution of the
appropriate values, the expression becomes,

F°/RT = 1og(o.0105/'r5/ 2), 7 = %k, Pu(g) I1I1I1-(8)

In the case of PuF3 it is necessary to evaluate the internal
partition function. In the absence of rotational-vibrationel inter-
actions and electronic excitation,

Unt = Yot Svib III-(9)

It will be assumed in evaluating the rotatiaonal partition function,
Qrot’ that the molecule is a symmetrical top, i.e., that the F atoms are
arranged with 120 degree separation in a plane. The rotational partition

function is then( 1) ’

12 (2mt) 3/ 2111;/ -

Qrot = p P ’ 111-(10)

where Il is the moment of inertia about an axis perpendicular to the plane
of the molecule, and 12 is the moment of inertia about an axis in the plane.
To evaluate th, we need the interatomic distance. Following Hawkins et al
we take this distance as 1.97 A®. The rotational partition fumction then

becomes,

(12)

Qgy = 5:77 P2, p - % 1I1-(11)

For the purpose of computing the vibrational partition function, the

molecule may be replaced by a set of six harmonic oscillators, in which

case(n) ’ |

#
N

vhere u, = hvl/k')‘ and % 1is the frequency of the 1*® vibrational mode.

?
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There is no precise information on the vibrational frequencies of
the Pu.F3 molecule; however, the wave numbers(n) and degeneracies(lh)
for PuF6 are as follows:

1

w,cm” degeneracy
631 1l
523 2
202 3
173 3
210 3
615 3

It seems reasonable to assign the higher of these frequencies to
"stretching" vibrations, and the lower to "bending" vibrations for the
Pu-F bond. Then for the average stretching frequency we get,
[(l)(631) + 2(523) + 3(61'5)] /6 = 587 cm'l, and for the bending “requency,
[(3)(202) + (3)(210) + 3(273)] /9 = 195 cu™ . Stnce tue heat of formation
of Pqu, per F atom, is considerably higher than that of Pul?é, it s to
be expected that the "stretc-ing" frequencies for Pnl’3 will be higher than
those for PuFc. The heats of formation are A8298 = - 125 and - 76 K cal
per mole of F.

If the interatomic force law can be approximated by a Morse potential,

2
Ur -r,) =D, [l e re)] ’

the frequency of oscillation about the equilibrium point, L is
VU = (meba/m)l/e, vhere m is the reduced mass for the mode in question.
For lack of information, § and re will be assumed to be the same for the
Pu-F bonds in Pul"3 and mé, vhen

3

De,PuP6

1/2

Y, ’
M6

and if De°c - A3298 as given above, then

V.

PUF ~1.28 v,

PuF o *

3
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Applying this correction to the "stretching” frequency found for PuF,
we have the following frequencies for Pur3:

-1

w,cm degeneracy
T51 3
i95 3

The vibrational partition function is now,

3
Qyp = 1/[1 - e'“l] [1 - e'“2]3 © III-(13)
where

u._al.081103/'1' , T=%

u, = 0.281x20°/T , T =% .

Substituting Eqs. (1l) and (13) into Eq. (7), we find for the

PuF3,

a8 5
( w“ “2]3
Fo/Rt = lo.;L)"’°°’*32LL Sz “] h-e }, T = %K, PuFy(g) III-(1)
T
With Eqs. (8) and (14) for the free energies of Pu(g) and Pul"3(g),
and tubulated values for HF and H,, the value of AF3 for Eq. (1) may be
compited according to,

(o]

OF] = AFSg + 2(!'.‘1’. - rgw)m( T 6(rg - 2o8)mx

& a(y: - ’398)M3(g) % 3(r; = ’398)32 I1I-(15)

The results are shown in Fig. 21, together with log % ccmputed'rron Eq. (4).
It is clear that as the temperature rises the reaction tends more and more
to proceed to the right as would be expected. The values of l'g - !';98 used
in the caiculation of Fig. 21 are shown in Fig. 22.

g —
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2. In order to stabilize either PuF3 or Punr3 against reduction by
hydrogen &t the temperatures of interest, appreciable concentrations of
the reduction products (HF or HBr) must be maintained in the vortex tube.
The attendant loss in specific impulse, due to dilution of the exhaust
gas with HF or HBr, may be more than 20 percent for Pur3, if the average

fuel concentration is lolecm'l, and will increase if the fuel concentration

is increased.
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Requircments imposed by vapor pressure and equilibrium:

The ratio of the square of the partial pressure of HF to the partial
pressure of 52 , required to prevent condensation of Pu, may be estimated
from the vapor pressure data of Fig. 20 and the values of Kp estimated
above. It is clear that Eq. (3) has no weaning if n, <n, ., since then
ail of the fissionable material may exist as gaseous Pu, and no PuF3 need
be stabilized: (HF) is then zero. On the other hand, if n, > Dpy,y? SOUe
PUF; must be held in gaseous form, and Eq. (3) gives the ratio (HF)2/(32)
required to stabilize this concentration of Pul?3 against reduction. These
results are shown in Fig. 23.

Curves of concentration versus temperature are shown for two typical
vortex configurations. Each requires a maximum value of log,, [(HF)Q/(HQ)]
of about - 0.6, hence (nr)e/(ne) > 0.25. Now if (32) is 100 atm, (HF) is
5 atm, and a mole fraction of HF of 0.05 is required to stabilize the
PuF;. The average molecular weight of the propellant is then M = (0.95)(2)
+ (0.05)(20) = 2.90. The specific impulse is thus reduced by about 20
percent.

It must be borne in mind in considering the above examples that the
influence of the vortex field, in separating products and reactants of
the reduction, will tend to increase the required concentrations of HF.
Also, higher concentrations will be required if the average fissionable

material concentration, '52 , is to be increased beyond lolacm'3.

Conclusions:

On the basis of the preceding analysis, the following tentative con-
clusions seem justified. They should be reviewed if more exact thermo-
chemical data becomes available.

1. To provide the gaseous fuel concentrations necessary for vortex
reectors, a polyatomic compound of plutonium is necessary, since metallic
plutonium has insufficient volatility. The most promising compounds appear
to be Pul'3 and PuBr3.
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Fission Product Retention
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Introduction: ,

In five minutes operating time a 300,000 1b thrust vortex reactor with
a specific impulse of 1400 will produce one-fifteenth the contamination of
a Hiroshima-type bomb, if all of the fission products are released to the
atmosphere. It is therefcre important to determine to what extent fission
fragments produced within the vortex tubes will be contained by the vortex
field.

Fission fragments having a range of masses will be produced locally in
the vortex tube at a rate proportional to the fissionable material concen-
tration, and will diffuse toward the vortex tube exit under the combined
influences of the vortex ﬁeld and radial flow. The distribution of fission
fragments within the tube will start from zero initially and grow to an
equilibrium distribution at some later time. After this equilibrium distri-
bution has been attained, the rate of loss of fission fragments will equal
the generation rate within the vortex tube. Thus, the rate of loss of fission
fragments will increase from zero initially to the maximum possible value
when the distribution has attained equilibrium. The objective of the fol-
lowing analysis is to determine the variation of the loss rate with time.

Each fission will be assumed to result in two fission fragments, having
half the mass of a fissile atom, deposited as neutral particles at the point
of fission. Since the concentration of the fragments will be small compared :
tv that of the propellant and that of the fissionable material, the latter
concentrations will not be effected by the fission fragments. Thus, the
pressure, the temperature, and the densities of propellant and fissionable
material will be those given by the analysis of Ref. 1. The variables
describing the behavior of the fission fragments are them reduced to the
fission fragment concentration and diffusion velocity.

In the following sections, the differential equations governing these
variables will be given, and their solution presented for an example selected
from Ref. 1.
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Nomenclature:

The principle notation used in the analysis is as follows:

4o

43

>

w

& S P

S & & F P

L2 }

3

S F F FF

® effective hard sphere diameter for collisions between

fissionable and propellant molecules.

effective hard sphere diameter for collisions between
fission fragments and propellant molecules.

diffusion parameter (Eq. (5)).

Boltzmann's constant.

mass of propellant molecule.

mass of fissionable molecule.

mean mass of fission fragment.

tangential Mach number, based on speed of sound in light gas.
mass flow rate of propellant per unit lengtl; of vortex tube.
molecular concentration of propellant.

molecular concentration of fissionable gas.

molecular concentr ition of fission fragments.

total molecular concentration.

total pressure.

radial coordinate.

gas temperature.

diffusion velocity of propellant.

diffusion velocity of fissionable gas

diffusion velocity of fission fragments.

mass averaged velocity.

ratio of densities of fissionable and propellant gases.
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Nomenclature (cont)

7y 3 ratio of specific heats for propellant.
Po & total density of gas mixture.
¢ = neutron track length. e

Subscripts:
On independent variable (r or r*%
c - exit from tube

& P - periphery of tube

m - point of maximum w

On dependent variables,

0 - value for gas mixture

1l - value for propellant

2 - value for fissionable gas

3 - value for fission fragments.

Superscripts:

* - quantity divided by its value at point of maximum w.




Differential equations:
1r ny is the concentration of fission fragments, uy their diffusion
velocity, u, the masw-averaged velocity, r the radial coordinate and S

the rate of generation of fission fragments per unit volume, the continuity
equation for the fissicn fragments is,

S
R ] ¥
*3E tor [ray(ug + u3)| =8 S
By making use of the facts that the fissionable material concentration,

n,, and the fission fragment concentration are much smaller than the pro-
pellant concentration, the equation connecting the diffusion velocities of

the fission fragments and propellant may be written as follows ,(15)
_ PN T i = O W
sousm2RRIE-RER] o

Here D13 is the binary diffusion coefficient for fission fragments and
propellant, n, is the total molecular concentration, n3 is the fission
fragment mass, and po and Py are the total density and pressure. The
source of fission fragments, S, is given by

S = 20r¢n2 ’ v-(3)

wvhere af and @ are the fission cross section and neutron flux.

Equations (1), (2) and (3) are sufficient to solve for the concentration,
n3, > b d pro?er boundary conditions are specified. These will be given later.
It is convenient to reduce the equations to a dimensionless form before
attempting their solution. All of the quantities given by Ref. 1 will be
nondimensionalized as they were in Ref. 1, by dividing them by their
values at the point in the tube where v = “2"2/"1'1 has its maximum value.
These dimensionless quantities are indicated by an asterisk. If u. and .

Om
are the mass averaged velocity and radius at the point of maximum w, we may

then write Eq. (2) as,




SECRET E7=

o bl L iz’% B B“I ‘_“3/"'1 di_'o']
n, W W il o T+v|pf @)

u_ " Tau
Now ul/uOm is found from Ref. 1 to be

Oom m Om

1-vw_/w

;'1-’“5' T v ’
Om c

where LA is the value of w at the vortex exit. Also,

L 1dpo 1 ar*
n{dr* arflf ™ Gre

and using Eq. (10) of Ref. 1, we find,

D

d )
33 1 3 1l 4T+ lé 1 B v
Y {3-3' T TR E "7 —"]r? ] o8

u l-w/w
-3—-11* v’ c
U, 0 \l+wc

BEcre Mt is the tangential Mach number in the vortex at the point of

maximum w.
By analogy to Eq. (24) of Ref. 1, we take

D m3/2

=
= 1
Ty ‘BmS ps

where

1/2 kl/2mi/2 1/2 i 1/2
-0 () ol )

and?ﬁ is the mass flow rate of propellant, per unit of tube langth.
d13 is the effective hard-sphere iiameter for collisions between fission




; fragments and propellant. Now if L b2 1s the quantity defined by Eq. (24)
of Ref. 1, then

my 1/2

9., (lg) (%2)29,2 ,

1+ =
m,

' but from Eq. (34), Ref. 1,

9 . (1 - w /v )2 +w)
" 7M€m;-21-- l)(1+wc‘ ’

and
my 1/2
l+— 2
poeioonen (Rl
7H2m7-;-1(1+vc) 1+:.:- d13
The continuity equation, Eq. (2), may also be written in dimensionless
form,

r*%+?#[ﬂn3(u3+;i)] - .

Eliminating n3/u°m from this equation with Eq. (%), we find

> : d
r* -;52 + ;’f 33; [u(r*)n3 # b(r')-a;%] = r¥g,




vhere
a(r¥) = reuy (LY +9m3r*23§?/)3 e L %r_"%’;’ Iv-(6)
and
b(r*) = fr+ *3/2 ; v-(7)

Carrying out the indicated differentiation,

bn3+—b(r')—3+—[a(rf)+ ]3:%

ar m
3 v-(8)
z u
), Om da‘ r*l
= = ar® B3 = T8
;f Now 8 is given by Eq. (3). We define a mean lifetime, Tps for a
; fissionable atom as
e l .
Oy - -(9)
2"
and write 8 as
& . 2%om
4 8 = .
= %
£ A quantity vhich is characteristic of the fluid residence time in the
tube may be defined as.,
Tm
'ti B o . Iv.(lo)

We then find that if a nev variadble, 7!, is defined as

: '. y .52: % ' R




and a new time variable is defined as
E= ¢/, v-(12)

the differential equation takes the final form,

2
St - £() f—'-‘,g - &(r*) 2% - b(r*) = ng v-(13)
r

where

S eion e e

Iv-(14)

g(r*) = u¥ (i—i-'—:—)i» £(r*) [-l%'g +-§-,§'7g—§-; - tm(:i +1+ v) ﬁ] Iv-(15)
c r

b(r*) =& o2y [a(e)] IV~(16)

The particular advantage of this form is that all of the coefficients
in the equation are of order unity, since all the quantities with asterisks
are unity at at least one point in the tube.

Boundary conditions:

The region of interest extends from the tube exit, at r:, to its
?eriphnry , at r; At the periphery, the physical boundary condition is
that the mass flow of fission fragments must be zero. This requires that
n3n3(u° + n3) be zero at r®. Bince ny will in general not be zero at r;,
ve find from Eqs. (4), (6), and (7)

1 a(r*)
T L; " e
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At the tube exit, the physical boundary condition is that the gas
mixture is rapidly swept from the tube. This is equivalent to saying

that at that point u3 is small compared to uye We therefore put u.3 equal

to zero at r: From Eqs. (4), (6) and (7) again,

a(r*) - r* u% (r*)
o IR e
c

With the initial condition that Y(r#,0) = O, the problem is then
completely defined.

For complete consistency it is necessary that the value r:, which
is taken as the inner boundary of the flow, be the same as that prescrited
for a given case in Ref. 1, i.e., the value of r* at which w is reduced
to some specified value, L However, it was shown in Ref. 1 that the
value of v, whick was chosen, naxnely 0.0001, resulted in vortex tubes of
very small diameter. It seems likely that an increase in tube diameter
from the values computed in Ref. 1, and a corresponding decrease in r:,
will be necessary in an actual vortex reactor. Accordingly, in the numerical
example which will be given later, the fission product leakage rate will be
computed for values of rg less than the value specified by Ref. 1 for
v, = 0.0002.
Leakage rate:

In accordance with the above boundary condition at r:, the rate of
flow of fission fragments from the tube, per unit of tube length, may be
vritten as,

L = mcn3(rct)uo(rc,t) .

In terms of the dimensionless quantities,

;o w
L(§) =2 .,—: %,; ek ACRRAL & R 1C %9 Iv-(19)

P

e~ w———— .
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&L is the loss rate in particles per unit time, and use has been made of
the relation

W&(l + vc) = 20 Pon’om *

For large values of € after the equilibrium distribution is attained,

we must have

Z(=) = 2m2g p72% o.d , Iv-(20)

vhere 32 is the mean fissionable material concentration in the tube.
Combining this with Eq. (19), we find as the asymptotic value of Q(r:),

r*? p*
e 2_“%’:— .:: i\ T (_02) A

This relation gives a useful .'check on the integration of Eq. (13).

Numerical example:

A machine code has been prepared for mAcm(l6) to solve the gene-
ral linear, time dependent diffusion equation, as typified by Eq. (13).
With this code Eq. (13) has been humhd*ror an example relected from
Retf. 1. St;ine pertinent data for this example are summarized in Table 1l.

TABLE 1 - Data for Numerical Example

Mem 0.7 Mep 0.640
L 1.0 P]./Plp 0.599
8n/6n (max.) 0.338 Poc/Pop 0.575
T 1.24 P 1.224

”

The authors are indebted to F. J. Witt for preparing this program [Ref.(16)]
and carrying out the machine calculations.
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r¥ 0.725 T 0.779k
u3e ho113

Tc/ Tp 1.35

w/vm 0.361

The coefficients, f(r*), g(r®), and h(r*) have been computed from
Eqse (14), (15) and (16), and are tabulated in Table 2, along with ¥e

Table 2 ~ Coefficients for Eq. f!é!

r* £(r*) g(r*) h(r*) nX(r¥)
1.245 0.01475 0.6402 0.1925 0.1530
1.205 0.01529 0.6482 0.0505 0.2704
1.165 0.01628 0.6634 =0.2400 0.4609
1.125 0.01779 0.6914 -0.6086 0.6870
i 1.085 0.01993 0.T347 -1.0219 0.8947
. 1.045 0.02268 0.8053 =1.3200 1.0195
1.005 0.0259% 0.8876 -1.3100 1.0115
0.965 0.02917 0.9798 =0.T305 0.8576
0,925 0.03223 1.0473 0.4222 0.5964
0.885 0.03451 1.0719 2.0747 0.3175
0.845 0.03617 1.0190 3.9093 0.1169
0.805 0.03746 0.8799 5.8188 0.0260
0.765 0.03873 0.6473 7+9166 0.0029
0.725 0.04022 0.2961 10.9466 0.0001
0.685 0.04199 =0,1728 15.3106 0
0.645 0.04424 -1,0213 22,3705 0
0.605 0.4TAT -2.2569 34,0764 0
0.565 0,05110 =4 ,2530 54,6482 0
04525 0.05656 =T.6432 93.551% 0




In the 1ange of r* from 1.24 to 0.725 the data were taken directly from
the results of Ref. 1. In the range from C.T25 to 0.525, the functions
were computed by assuming v = O and an isentropic expansion. As a first
approximation, d12/613 wvas taken as unity.

The time dependence of N is shown in Fig. (24) for T = 0.725, the
value which led 4o a ratio of heavy gas mass flow to light gas mass flow
of 0.0001 in the solution of Ref. 1. The solution grows from a shape
similar to that of ng to a shape peaked at a somewhat smaller value of r¥.
This inward shift is of course .due to the fact that the fission fragments
are only one half as heavy as the fissionable molecule"s.

The variation of rl(rg, £) with £ is shown in Fig. (255 for this same
case. It will be reealled from Eq. (19) that the fission fragment loss rate
1s. proportional to n(rs £ ). The most important fact to be gained from
Fig. (25) 1s that, for r¥ = 0.725, the maximum loss rate is approached In
an interval of time corresponding approximately to g = 1. Recalling the
definition of g [Eq. (12)] , we see that the relaxation time is for this
case of the order of the fluid residence time in the vortex tube. It is
then clear that for rg = 0.725, no appreciable storage of fission fragments
occurs. After the first small fraction of a second of operating time they
leak out as fast as they are generated.

It is then reasonable to ask what will happen if the immer boundary of

“.the flow is moved inward, to a smaller radius than that required for contain-
ment of the fissionable material. The effect of so reducing the core diameter
on the asymptotic fission fragment distribution is shown in Fig. (26). The

quantity of fission fragments wkich can be retained increases very repidly.

The steady-state solutions could not be computed for vniuea of r: less than

SECRET
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0.605 because of machine difficulties, however the transient solution is
shown in Fig. (27) for r: = 0,525, For this value of r:, the quantity of
fission fragments which is stored is more than one hundred times as large
as for rg = 0.,725. As would be expected, the time required for the loss
rate to reach its maximm value is also more than one hundred times as
large. This is shown in Fig. (28).

For a typical vortex tube as described in Ref. 1, the value of ’2’1 "
is about 0.l seconds. Thus, the time required to attain the maximum fission
product loss rate, for r: = 0.525, is about 10 seconds. While this is still
e small time compared to the burning time of a typical large rocket, it seems
clear that by reducing r': to a value somewhat smaller than 0.525, the relaxa-

tion time could be increased to 100 seconds or longer.

Conclusions:

It is therefore concluded that, by reducing r"c" to a value approximately
one-half of that required for adequate retention of the fissionable material,
tke rate of loss of fission fragments can be reduced to a small fraction of
their rate of generation, at least during the first portion of the rocket's
flight. '

Because of the complexity of the problem and the large mmber of inde-
pendent variables, it does not seem feasible to make this statement more
quantitative at the present time. However, the method outlined should be
capable of yielding a fairly precise estimateé of fission product loss rates
for a specific reactor design, should such- an estimate be desired.
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